Abstract. Let ϕ be a rational map P 2 P 2 which preserves the rational volume form dx x ∧ dy y . Sergey Galkin conjectured that in this case ϕ is necessarily birational. We show that such a map preserves the element {x, y} of the second K-group K 2 (k(x, y)) up to multiplication by a constant, and restate this condition explicitly in terms of mutual intersections of the divisors of coordinates of ϕ in a way suitable for computations.
Introduction
Diller and Lin in their paper [2] showed that if a general rational self-map ϕ : P 2 P 2 preserves a rational two-form ω on the complex plane, then up to a birational change of coordinates one of the following holds: 1) −div(ω) is a smooth cubic curve 2) ω = dx x ∧ dy y 3) ω = dx ∧ dy. In this work we consider the second case of this classification. Let us call a rational map ϕ : P 2 P 2 which preserves the rational volume form dx x ∧ dy y a symplectic rational map. Sergey Galkin conjectured that any symplectic rational map is birational. We make some preliminary steps towards this conjecture, namely: 1) We show that this conjecture is equivalent to another one, involving K 2 (k(P 2 ))-see Theorem 1. 2) We utilize a description of K 2 in terms of algebraic cycles (Proposition 2). This allows us to write down the condition of preserving the rational volume form explicitly in terms of the divisors of coordinates of ϕ, in a way suitable for computations. (see Section 5) 3) Notice that for a birational map ϕ : P 2 P 2 given by its affine coordinates ϕ = (f, g), if Bs(f ) ∩ Bs(g) = ∅, then ϕ is biregular. Using the condition of (2), we prove that the same holds for a symplectic rational map (under a certain condition, see Corollary 1.) It may be interesting to compare our conditions with the generators and relations for the group of birational transformations of P 2 preserving dx x ∧ dy y , which were obtained by Jérémy Blanc [1] .
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Statement of the conjecture
Let k be a field of characteristic 0. A dominant rational map ϕ : X Y of irreducible varieties over k induces an inverse image on the spaces of rational differential forms over k, denoted by ϕ
k(x,y) if and only if it preserves the element {x, y} ∈ K 2 /Const.
K 2 in terms of algebraic cycles
For a scheme X, let K X m be the Zariski sheaf associated to the presheaf U → K m (U ). Theorem. (Quillen; see [5] ch.V Prop 9.8.1) Let X be a regular quasi-projective scheme over the field k; then for each m ≥ 0 the complex
where Spec(κ(p)) X i p denotes the natural inclusion map, provides a flabby resolution for the K m -sheaf of X.
Let X = A n k , and fix an identification F · · = k(x 1 , ..., x n ) k(X). Applying Gersten's construction we obtain the following flabby resolution for the sheaf K X 2 on X:
We can compute the cohomology of K A n 2 , and therefore of G, using the A 1 -invariance for the cohomology of the K m -sheaf (see [3] ).
is an exact sequence of abelian groups; here D p stands for the irreducible divisor V (p) ⊂ X defined by the prime ideal p ∈ X (1) . The group p∈X (2) Z is none other than the group Z 2 (X) of zerocycles. The differentials of this complex are given by direct sums of residue maps along all the irreducible divisors; d 1 is called the tame symbol, computed (see [5] Ch. III Lemma 6.3) as
x νp(y) (mod p).
Each component of d 2 maps a function to the corresponding principal divisor:
We will be interested in describing the group K 2 (F)/Const; let us note that
Thus the exact sequence (2) yields
The image of Const is just the sums of constant functions, as shown in the following proposition.
Proof. We have
Since the divisor class group is trivial for X = A n , for any p ∈ X (1) we can choose an equation F p defining the corresponding divisor D p . Then for any finite collection of p i and c i we can take
c i ; this shows that any finite collection of constant functions is contained in Tame {F * , k * } . This gives our final presentation for K 2 (F)/Const which concludes this section.
Logarithmic differential and proof of theorem 1
We will need a notion of rational logarithmic form (see [4] , §2 for a thorough exposition).
Definition. Let F be an extension of k of finite transcendence degree. A rational differential form ω ∈ Ω p F/k is called logarithmic if there exists a smooth projective variety V /k with function field F and a simple normal crossing divisor D ⊂ V such that ω is locally logarithmic along D, and regular elsewhere on V . We will write Ω n F, log for the subgroup of Ω n F generated by logarithmic forms.
There is a map
. Such a form is indeed logarithmic.
Proof. The following diagram is commutative: Recall that our goal was to prove that a rational map ϕ : A 2 A 2 preserves {x, y} ∈ K 2 /Const whenever it preserves the logarithmic volume form ; this finishes the proof.
Computing tame symbol

Let us fix the projectivization
is an isomorphism, which implies the following.
The last proposition can be rephrased to obtain the following combinatorial description of the group on the left: an element of K 2 (k(x, y))/Const amounts to a finite collection of divisors D i on A 2 , and a choice of a principal divisor α i on the projectivization D i of each of the D i , such that i mult x (α i ) = 0 for all closed points x ∈ A 2 . Notice that we do not impose any conditions on α i at the boundary P 2 \ A 2 . This description of elements of K 2 (k(x, y))/Const is suitable for explicit computations. Since it involves the closures of divisors, we will now switch to considering principal divisors on P 2 in place of affine divisors for brevity.
Notation. 1) For a pair of irreducible divisors
D, E on X define D E ∈ Z 2 (X), D E · · = D ∩ E, if D = E 0, if D = E
This operation extends linearly over the whole Div(X).
2) There exist
Since these functions are determined uniquely up to a constant multiplier, Tame {D,
Given a pair of principal divisors D, E on P 2 , let us express the components of Tame {D, E} ∈ K 2 (k(x, y))/Const in terms of the original divisors. If Tame {D, E} = l∞ =C⊂P 2 α C , then α C can be computed as follows:
Now let Tame {D, E} = Tame {x, y}. This is equivalent to α C being equal to the C-component of Tame {x, y} for all divisors l ∞ = C ⊂ P 2 .
(6) Tame {x, y}
All the components of Tame {x, y} except l h and l v are trivial, i.e. ∀C = l h , l v : α C = 0, which has the following implications for D and E :
For l h and l v , we have similar conditions depending on which of the divisors contain these lines as their components. From symmetry considerations there are four distinct cases:
6. An example of application Remark. Let ϕ : P 2 P 2 be a birational map given by its affine coordinates ϕ = (f, g). If Bs(f ) ∩ Bs(g) = ∅, then ϕ is biregular.
2 be a rational map which preserves Tame {x, y}. Without loss of generality, suppose that l h ∈ Supp(D), l v ∈ Supp(E). Assume further that and D and E have no common components except l ∞ (so that we are in the situation of Case (I, II).) If
Step 1. We have
Step 1. Choose an arbitrary component C ⊂ D, and let p be any point of the intersection C E. If p is not contained in |E + | (resp. |E − |), then up to a sign mult p (α C ) equals ν C (D) times the intersection multiplicity of C and the effective divisor E − (resp. E + ), which is strictly bigger than zero, so mult p (α C ) = 0. If, on the other hand, p ∈ |E + | ∩ |E − |, then p / ∈ |D + | ∩ |D − |, and we can repeat the same argument, this time choosing a component of E which passes through p, with the conclusion that mult p (α C ) = 0. But if mult p (α C ) = 0 then p ∈ {0, ∞ h , ∞ v }.
Step 2. If C ∈ Supp(D) ∪ Supp(E), C = l h , l v then 0 / ∈ C.
Proof of Step 2. If there exists such a component C in either D − or E − , then mult 0 (α C ) is necessarily non-zero, which contradicts the assumption Tame {D, E} = Tame {x, y}. Suppose that neither of the divisors D − and E − passes through 0, and assume without loss of generality that l v = C ∈ Supp(E + ). Then mult 0 (α l h ) ≥ mult 0 (l h l v ) + mult 0 (l h C) ≥ 2, which is again a contradiction. 
